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Abstract. We have investigated the spatial distribution of the electron
temperature generated in a two-dimensional electron system (2DES) subjected
to a perpendicular magnetic field. We measure thermoelectric voltages between
Ohmic contacts located at the end of the voltage-probe arms of a Hall bar
fabricated from a GaAs/AlGaAs 2DES wafer, immersed in the mixing chamber
of a dilution refrigerator held at 20 mK. Magneto-oscillations due to the Landau
quantization are examined for the thermoelectric voltages between the contact
pairs straddling the main bar (arrangement to measure the transverse component
Vyx), and between the pairs located along the same side of the main bar
(arrangement for the longitudinal component Vxx). For the former arrangement,
the oscillation amplitude diminishes with the distance from the heater. For the
latter arrangement, the pair on one side exhibits much larger amplitude than
the pair on the opposite side, and the relation becomes reversed by inverting
the magnetic field. The behaviours of the oscillation amplitude are qualitatively
explained by the spatial distribution of the electron temperature numerically
calculated taking into consideration the thermal diffusion into the voltage contacts
and the electron-phonon interaction. For both arrangements, the oscillations are
shown to derive predominantly from the transverse (Nernst) component, Syx, of
the thermopower tensor. The calculation also reveals that the voltage probes,
introducing only minor disturbance at zero magnetic field, substantially reduce
the temperature once a magnetic field is applied, and the thermoelectric voltages
generated at the voltage arms account for a significant part of the measured
voltages.
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21. Introduction
A large Hall angle approaching pi/2 is one of the
key parameters characterizing a high-mobility two-
dimensional electron system (2DES) subjected to a
perpendicular magnetic field. The electron density ne
in a 2DES residing at a GaAs/AlGaAs heterointerface
is typically ∼5×1015 m−2 or less. There the Hall
resistivity ρxy ∼ B/(nee) far exceeding the diagonal
resistivity ρxx can be achieved with a relatively small
magnetic field (∼0.1 T), resulting in a large Hall
angle δ = arctan(ρxy/ρxx). (We assume throughout
the paper that the 2DES is isotropic. Therefore we
have ρxx = ρyy, ρyx = −ρxy and the corresponding
relations for the conductivity). Let us consider a
rectangular sample of a 2DES with the source and
drain electrodes attached at opposite ends. The spatial
distributions of the electric field E and the current
density j induced in such a sample by the application
of a source-drain bias have been calculated employing
classical electromagnetism [1–4]. At zero magnetic
field, both E and j are parallel to the longitudinal
direction (the direction from the source to the drain).
A magnetic field drastically alters the distributions
of E and j, primarily by introducing the angle δ
between the two vectors. Rather counterintuitively,
E becomes nearly perpendicular (∼ δ ' pi/2) to the
longitudinal direction, barring the regions close to the
electrodes. Small areas with highly concentrated j and
the equipotential lines, dubbed “hot spots”, emerge
at the two diagonally opposite corners, one facing the
source and the other facing the drain electrode. The
predicted spatial distributions have been essentially
verified by various experimental techniques [5–8].
Replacing the source-drain bias with a tempera-
ture difference, we expect analogous spatial distribu-
tions in the temperature gradient ∇T and the ther-
mal flux density jQ. Good analogy is expected when
the electron and the lattice systems are virtually de-
coupled and major part of jQ is carried by electrons,
as is the case in the GaAs/AlGaAs 2DES at very low
temperatures (below ∼200 mK). The distribution of
∇T , especially the reorientation of ∇T by a magnetic
field, can profoundly affect the thermoelectric voltage
generated by the temperature difference. In the analy-
sis of the thermoelectric voltages of a 2DES, however,
∇T is usually assumed to simply remain parallel to
the longitudinal direction even in the presence of the
magnetic field. Strangely, the redistribution of∇T has
not attracted due attention it deserves. (The effect of
the redistribution of ∇T on the thermoelectric volt-
ages was previously considered for bulk BiSb and InSb
alloys [9–12].)
The purpose of the present study is to interpret
experimentally measured thermoelectric voltages in
terms of ∇T calculated considering the effect of the
magnetic field. Measurements were performed on
a 2DES having a Hall-bar geometry. We measure
voltages between several pairs of voltage probes and
examine how the voltage varies with varying location
on the Hall bar, focusing on the amplitude of the
quantum oscillations due to the Landau quantization.
An important difference between j and jQ in Hall-bar
measurements is that the latter is allowed to flow into
the voltage contacts, while the former is prohibited.
Therefore, the arms of the voltage probes can host
non-vanishing ∇T and thus can contribute to the
thermoelectric voltages [13]. We numerically calculate
the spatial distribution of the electron temperature T ,
taking into account the thermal diffusion through the
arms into the contacts as well as the power transferred
to the lattice via electron-phonon interaction. The
lattice temperature is assumed to be uniform and kept
at the lowest temperature in the system. We find
that the dependence of the measured thermoelectric
voltages on the location and on the magnetic field can
be qualitatively explained by the calculated spatial
distribution of T . The calculations highlight crucial
roles played by the voltage probes in reducing the
temperature and in generating the thermoelectric
voltage, when placed in a magnetic field. The geometry
of the voltage-probe arms designed to minimize the
thermal disturbance turns out to be effective only at
around zero magnetic field.
Thermoelectric voltages are sensitive to the energy
dependence of the conductivity and also are a measure
of the entropy of the system [14–16], and thus have
been extensively applied to the studies of transport
properties and scattering mechanisms. Numbers of
studies have been performed on the thermoelectric
properties of a 2DES (see [17, 18] for reviews). Recent
theoretical suggestion of the possibility to probe,
through the entropy, non-Abelian quasiparticles in ν =
5/2 fractional quantum Hall state [19, 20] revitalized
the interest in the thermoelectric voltages of a 2DES
subjected to a magnetic field [21–23]. The present
study suggests precautions to be taken in analysing the
thermoelectric voltages measured in a magnetic field.
The paper is organized as follows. In section 2,
we describe experimental details and the results of
the thermoelectric-voltage measurements. Section 3 is
devoted to the calculation of the spatial distribution
of T . We start by briefly describing simple one-
dimensional and rectangular models neglecting the
electron-phonon interaction. Analytic solutions given
for these models help us grasp the essence of
the role played by a magnetic field. Numerical
calculations follow, with which we examine the effect
of the voltage probes and of the electron-phonon
interaction. Thermoelectric voltages resulting from
the distribution of T thus calculated are presented in
3section 4. We use thermoelectric coefficients deduced
relying on the generalized Mott’s formula. The
calculated thermoelectric voltages are compared with
the measurements presented in section 2. We also
evaluate separately the contribution of the main bar
and of the voltage-probe arms to the thermoelectric
voltages. Discussion on quantitative disparities
between measured and calculated thermoelectric
voltages, as well as on the characteristics and the
limitations of the measurements in the present study,
is given in section 5. Section 6 concludes the paper.
2. Measurements
Thermoelectric-voltage measurements were performed
on a Hall bar device depicted in figure 1, fabricated
from a GaAs/AlGaAs 2DES wafer having the electron
density ne = 3.7 × 1015 m−2 and the mobility
µ = 80 m2V−1s−1. The device is composed of two
crossing Hall bars [24]. The main (horizontal) Hall bar
contains six voltage probes, allowing us to measure the
transverse voltage Vyx at three different locations along
the main bar and the longitudinal voltage Vxx both on
the top and the bottom edges. The secondary (vertical)
Hall bar is utilized as a heater to introduce the
temperature gradient towards the other end (heat sink)
of the main Hall bar. Joule heating by an ac (frequency
f) heating current Ih raises the electron temperature
in the secondary Hall bar, and the temperature is
monitored by the amplitude of the Shubnikov-de Hass
(SdH) oscillations. Since the Joule heating varies
as ∝ Ih2, the resulting thermoelectric voltage can
be measured by detecting the component of Vyx and
Vxx having the frequency 2f , employing standard
low-frequency (f = 13 Hz) ac lock-in technique.
The measurements were carried out in a dilution
refrigerator (Oxford, Kelvinox TLD) equipped with a
superconducting magnet, with the sample immersed in
the mixing chamber held at Tbath = 20 mK.
Employing the current Ih = 200 nA, we obtain
the electron temperature TH = 330 mK at the
heater section. The current is chosen to be much
larger than that used in measuring the resistivity
(typically 0.5–10 nA), but kept small enough to avoid
heating the lattice via the electron-phonon interaction.
The gradient is thus introduced only into the
electron temperature, leaving the lattice temperature,
assumed to be at Tbath, intact. This enables us to
selectively measure the diffusion contribution [24–27]
and eliminate the phonon-drag contribution. Note
that the latter can, under certain circumstances (in a
standard experimental method employing an external
heater, which introduces the temperature gradient
also into the lattice temperature), become very large
and dominate the thermoelectric voltage in a 2DES
embedded in a thick (∼500 µm) semiconductor wafer
[13, 18]. Although the phonon-drag contribution is
expected to be relatively small in the temperature
range of the present study, its elimination by the
present experimental technique is advantageous in
avoiding possible complication of the interpretation.
Ohmic contacts at the end of the main and the
secondary Hall bars and of voltage-probe arms are
composed of diffused AuGeNi alloy. The large area
(200×200 µm2) of the contact at the heat sink is
devised to ensure good thermal contact to the bath. By
contrast, the arms of the voltage probes are designed
to be thin and long and are terminated by the contact
with a small area (21×21 µm2), in an attempt to
minimize the thermal disturbance to the main bar. In
what follows, however, we assume for simplicity that
all the Ohmic contacts, including the small contacts
for the voltage probes, are at the same temperature
TL = Tbath. The appropriateness of this assumption
will be examined in section 5.1.
The transverse thermoelectric voltages Vyx mea-
sured with three pairs of voltage probes are plotted in
figure 2 as a function of the magnetic field B. Quan-
tum oscillations due to the Landau quantization (the
equivalent of the SdH oscillations in the resistivity)
commences at B ' 0.2 T. The amplitude increases
with the increase of the magnetic field up to B ' 0.5
T, and then levels off and shows slight decrease with
further increase of B. Above ∼0.55 T, the lineshape
characteristic of the off-diagonal (Nernst) thermoelec-
tric voltage in the quantum Hall systems [28] becomes
apparent: namely, plateaus with Vyx ∼ 0 at around in-
teger fillings (only even integer fillings are resolved in
this magnetic-field range) and the saw-tooth like line-
shape with sign reversal in between (see Syx in figure
S2 of the Supplementary data). The traces are anti-
symmetric with the reversal of the magnetic field. An
important feature we want to stress here is that the
oscillation amplitude becomes smaller for the voltage-
probe pairs located farther away from the heater sec-
tion.
Figure 3 shows the longitudinal thermoelectric
voltage Vxx measured with pairs of voltage probes on
the top (4-5) and the bottom (10-9) edges. Again,
the quantum oscillations are observed above ∼0.2
T. Interestingly, the lineshape here also exhibits the
basic traits of the off-diagonal thermoelectric voltage
mentioned above, instead of showing the behaviour
expected for the diagonal (Seebeck) thermoelectric
voltage, characterized by a dip without sign reversal
between two adjacent plateaus Vxx ∼ 0 at integer
fillings [28] (see Sxx in figure S2). The variation of
the oscillation amplitude with B is similar to that
in Vyx. At B > 0, the top voltage-probe pair
shows much smaller oscillation amplitude with the sign
4Figure 1. Schematic diagram of the Hall-bar device used in the present study. The main (horizontal) Hall bar (from 1 to 7,
length of the effective part L, width 2W ) is fitted with six voltage probes (4, 5, 6, 8, 9, 10) to measure the thermoelectric voltages.
The arms of the voltage probes are designed to be thin (2WV) and long (LV), in order to minimize the thermal disturbance. The
secondary (vertical) Hall bar (from 3 to 11) serves as a heater and also contains two voltage probes (2 and 12) to monitor the
electron temperature by the amplitude of the SdH oscillations. The light-green rectangle encompasses the main Hall bar, i.e., the
main bar from the heater to the heat sink (7) and the arms of the voltage probes, for which the spatial distribution of the electron
temperature is calculated in section 3.3 and plotted in figure 5. Upper right inset: optical micrograph of the device. The dimensions
of the Hall bar, including the locations of (the centres of) the arms, are listed to the right of the figure.
reversed compared to the bottom pair. By inverting
the magnetic field (B < 0), however, the top and the
bottom pairs switch their roles: the top (bottom) pair
gains (loses) the oscillation amplitude and behaves like
the mirror image of the trace for the bottom (top) pair
in B > 0. In the following sections, we will interpret
the behaviours of Vyx and Vxx described above in terms
of the calculated spatial distribution of the electron
temperature.
3. Calculation of the electron-temperature
maps
In a GaAs/AlGaAs 2DES, the electron-phonon
interaction is weak at low temperatures relevant to
the present study, as we will see in more detail
below. We therefore start by neglecting the electron-
phonon interaction. This allows us to obtain analytic
solutions for the spatial distribution of the electron
temperature T for a one-dimensional (1D) model and
for a rectangular sample, as will be briefly delineated
in sections 3.1 and 3.2, respectively. Numerical
calculations resuming the electron-phonon interaction,
performed on the Hall bar geometry used in the present
study, will be presented in section 3.3.
Neglecting the electron-phonon interaction, the
continuity equation is written as,
∇ · jQ = 0, (1)
with jQ = −κˆ∇T the thermal flux density under
the temperature gradient ∇T and the thermal
conductivity tensor κˆ. (We use “hat” to denote
a tensor throughout the paper.) Applying the
Wiedemann-Franz law (neglecting the thermal flux
carried by phonons), κˆ = L0T σˆ, with L0 =
pi2k2B/(3e
2) = 2.44×10−8 WΩ/K2 the Lorenz number,
kB the Boltzmann constant and σˆ the conductivity
tensor. Defining ψ ≡ (T 2 − TL2)/2, we have ∇ψ ≡
T∇T and
jQ = −L0σˆ∇ψ. (2)
Noting that the conductivity is virtually independent
of the temperature below ∼1 K (the temperature range
where the mobility is limited by impurity scattering)
in a high-mobility GaAs/AlGaAs 2DES [29], and
assuming a uniform 2DES, we can neglect the spatial
derivative of σˆ even when placed in the spatially
varying temperature. With further assumption that
the 2DES is isotropic, we have ∇ · (σˆ∇ψ) = σxx∇2ψ.
Thus, the equation to be solved becomes simply a
Laplace’s equation,
∇2ψ = 0. (3)
3.1. One-dimensional model
First, we consider a simplistic 1D model. In this model,
we assume that the electron temperature T is uniform
across the Hall bar (y direction) and T depends only on
x (the coordinate along the Hall bar, see figure 1 for
the x-y coordinate). We solve equation (3) with the
following boundary conditions: T = TL at x = 0 (the
end of the Hall bar facing the heat sink) and T = TH at
5Figure 2. Magnetic-field dependence of the thermoelectric
voltages Vyx measured between the three pairs of probes,
depicted by arrows in the top inset, located across the main
Hall bar. (The direction of the arrows indicates the sign of Vyx.)
x = L (the other end, facing the heater). The solution
T (x) can readily be found:
T (x) =
[(
TH
2 − TL2
) x
L
+ T 2L
]1/2
. (4)
From equation (2), we obtain the thermal flux density,
jQx = −L0σxxTH
2 − TL2
2L
. (5)
3.2. Two-dimensional analytic solution for a
rectangular sample
Next, we take a look at the rectangular sample
corresponding to the main part of the Hall bar with
the voltage probes removed. The left panel of figure
4 depicts the boundary conditions in this model.
By further defining τ ≡ −∇ψ, we can see that
solving equation (3) with these boundary conditions
is mathematically equivalent to the process obtaining
the electric field, reported by Rendell and Girvin [3],
if we replace the electric field, the current density and
the potential by τ , jQ/L0 and ψ, respectively. We can
Figure 3. Magnetic-field dependence of the thermoelectric
voltages Vxx measured between the two pairs of probes, depicted
by arrows in the top inset, located along the main Hall bar. (The
direction of the arrows indicates the sign of Vxx.) The bottom
figure illustrates that the top (4-5) and the bottom (10-9) pairs
interchange their roles by inverting the magnetic field.
thus make use of the analytic solution presented in the
paper [3] (we follow the coordinate system used in [30])
to have
τx = −τ0eγ cosϑ, (6a)
τy = τ0e
γ sinϑ, (6b)
and
jQx = −τ0L0 σxx
cos δ
eγ cos (ϑ− δ) , (7a)
jQy = τ0L0
σxx
cos δ
eγ sin (ϑ− δ) . (7b)
6Figure 4. Boundary conditions for a rectangular sample (left)
and the Hall bar geometry employed in the present study
(right). The temperatures of the low-temperature and the high-
temperature ends of the main Hall bar are fixed to TL and TH,
respectively. The temperature of the end of the voltage arms is
also fixed to TL. The thermal flux is not permitted to cross the
side edges. Refer to figure 1 for the dimensions of the sample.
(Note that the right figure is not drawn to scale.)
The parameters γ, ϑ and τ0 are given, using the Hall
angle δ = arctan(σyx/σxx), as follows:
γ = −4δ
∞∑
n=1
sinh [(2n− 1)piy/L] cos [(2n− 1)pix/L]
(2n− 1)pi cosh [(2n− 1)piα/2] , (8)
ϑ = 4δ
∞∑
n=1
cosh [(2n− 1)piy/L] sin [(2n− 1)pix/L]
(2n− 1)pi cosh [(2n− 1)piα/2] (9)
and
τ0 (δ, α) =
TH
2 − TL2
2I (δ, α)L
, (10)
with
I (δ, α) ≡∫ 1
0
cos
{
4δ
∞∑
n=1
sin [(2n− 1)piξ]
(2n− 1)pi sech
[
(2n− 1) αpi
2
]}
dξ,
(11)
where α ≡ 2W/L represents the aspect ratio. The
boundary conditions can readily be confirmed by
noting that ϑ = 0 at x = 0, L and ϑ =
4δΣ∞n=1{sin[(2n−1)pix/L]/[(2n−1)pi]} = δ at y = −W ,
W . The electron temperature can be obtained by
integrating the τ given above:
T (x, y) =
[
TL
2 − 2
∫ x
0
τx(x
′, y)dx′
]1/2
. (12)
At B = 0, δ = γ = ϑ = 0 and I(0, α) = 1, and thus
the temperature is given by equation (4) regardless of
the value of y.
We can find an approximate formula describing
the total thermal flux
JQ =
∫ W
−W
jQxdy (13)
flowing down the rectangle. Noting that JQ is
conserved along the x-direction, we evaluate equation
(13) at x = L/2, where γ = 0 and, for not too
large α, ϑ ' −4δΣ∞n=1{(−1)n/[(2n − 1)pi]} = δ. The
thermal flux density jQx ' −τ0L0σxx/ cos δ becomes
independent of y and we have
JQ = jQx · 2W ' −L0σxx α
I(δ, α) cos δ
TH
2 − TL2
2
. (14)
Since both I(δ, α) and cos δ decrease with increasing
δ, JQ generally increases with B. At B = 0, equation
(14) can be simply rewritten as
JQ = jQx · 2W ' −L0σxxαTH
2 − TL2
2
. (15)
and thus jQx coincide with that obtained by the 1D
model, equation (5). At a high magnetic field with δ
approaching pi/2, on the other hand, we can show that
I(δ, α) ' α for α <∼ 0.5, resulting in
JQ ' −L0 σxx
cos δ
TH
2 − TL2
2
= L0
sin δ
ρyx
TH
2 − TL2
2
. (16)
Note that JQ does not depend on the aspect ratio α in
equation (16).
3.3. Numerical calculation with electron-phonon
interaction for a Hall bar sample
In order to examine the effect of the electron-
phonon interaction as well as that of the voltage
probes, we have to resort to numerical calculations.
Incorporating the electron-phonon interaction, the
continuity equation is altered from equation (1) to
∇ · jQ + Pe-ph(T ) = 0, (17)
where
Pe-ph(T ) = Pdef(T ) + Ppz(T ) (18)
represents the power (per area) transferred from the
2DES to the lattice via the electron-phonon interaction
and is composed of two components: deformation-
potential coupling Pdef(T ) and piezo-electric coupling
Ppz(T ) contributions [31, 32]. They are approximately
given by
Pdef(T ) =
PD
(
T 7 − TL7
)
ne1/2
, (19)
and
Ppz(T ) =
PP
(
T 5 − TL5
)
ne1/2
. (20)
Using the material parameters for GaAs, the coeffi-
cients are PD ' 5.0 × 105 W·K−7m−3 and PP '
7Figure 5. Spatial distribution of the electron temperature T at various magnetic fields ranging from 0.0 to 1.0 T, calculated taking
both the thermal diffusion into the voltage contacts and the electron-phonon interaction into consideration.
1.8×106 W·K−5m−3. Detailed derivation of equations
(19) and (20) is presented in the Appendix. Replacing
equation (2) into equation (17), and again assuming
the uniform and isotropic σˆ, we have
−L0σxx∇2ψ + Pe-ph(T ) = 0. (21)
We solve equation (21) in the geometry of the main
Hall bar used in the present study (enclosed in the
light-green rectangle in figure 1) using the boundary
conditions illustrated in the right panel of figure 4 with
TL = 20 mK and TH = 330 mK.
For the convenience of the numerical calculations,
we rewrite equation (21) in a dimensionless formula,
using L and TL as units of the length and the
temperature, respectively. We denote dimensionless
quantities with the tilde: T˜ ≡ T/TL, (x˜, y˜) ≡
(x/L, y/L), ∇˜ = L∇, ψ˜ = (T˜ 2 − 1)/2 and
∇˜ψ˜ = T˜∇˜T˜ = (L/TL2)∇ψ. By further introducing
dimensionless coefficients,
γD =
PDL
2TL
5
L0σxxne1/2
(22)
and
γP =
PPL
2TL
3
L0σxxne1/2
, (23)
equation (21) is rewritten as
∇˜2ψ˜ − γD
[(
2ψ˜ + 1
)7/2
− 1
]
− γP
[(
2ψ˜ + 1
)5/2
− 1
]
= 0. (24)
We numerically solve equation (24) by the finite
element method (FEM) using FreeFem++ [33]. Since
we are primarily interested in the amplitude of the
quantum oscillations in the thermoelectric voltages, we
used the upper envelop of the SdH oscillations (σUE
presented in figure S3 in the Supplementary data) as
the σxx to be substituted into equations (22) and (23).
The resulting maps of the electron temperature
T = TL(2ψ˜ + 1)
1/2 (25)
are presented in figure 5 for the magnetic field B = 0.0,
0.1, .... 1.0 T. At B = 0.0 T, the temperature exhibits
monotonic decrease from the heater to the heat
sink. Once a magnetic field is applied, however, the
temperature distribution becomes heavily distorted.
This is mainly attributable to the large Hall angle δ
(the plot of tan δ vs. B used in the present calculation
is shown in figure S3 in the Supplementary data).
The large δ along with the boundary condition that
the thermal flux jQ should not cross the top and the
bottom edges of the Hall bar require the temperature
8Figure 6. Spatial distribution of the electron temperature T at
B = 0.0 T. In (a) and (b), the voltage probes are neglected, and
T is calculated without (a) and with (b) the electron-phonon
interaction (T(a) and T(b)). In (c) and (d), the thermal diffusion
into the voltage contacts is considered, and T is calculated
without (c) and with (d) the electron-phonon interaction (T(c)
and T(d)).
gradient ∇T to have a large angle with the x axis
in the main Hall bar (see equation (2)). The
spatial distribution of the temperature does not vary
noticeably above ∼0.3 T, where δ becomes practically
saturated.
To elucidate how the voltage probes and the
electron-phonon interaction have affected the temper-
ature maps shown in figure 5, we repeated the numer-
ical FEM calculations eliminating these effects. We
calculated the electron temperature T in the following
cases: (a) a rectangular sample without the voltage
probes and without the electron-phonon interaction,
(b) a rectangular sample without the voltage probes
but with the electron-phonon interaction, (c) a Hall bar
sample with the voltage probes but without electron-
phonon interaction, in addition to (d) a Hall bar sample
with the voltage probes and with the electron-phonon
interaction (shown in figure 5). The results of the cal-
culations T(a), T(b), T(c) and T(d) at B = 0.0 T and
at B = 0.5 T are presented in figures 6 and 8, re-
spectively, and some of their selected cross sections are
plotted in figures 7 and 9, respectively. In order to ex-
plicitly visualize the effect of the voltage probes and the
electron-phonon interaction, we plot the temperature
decrement owing to these effects, ∆TVP = T(a) − T(c)
Figure 7. Calculated electron temperature T along the center
line (y = 0, 0 ≤ x ≤ L) of the main Hall bar at B = 0.0
T. Black dotted and thin solid lines, overlapping each other,
represent the 1D model (equation (4)) and the numerical FEM
calculation neglecting the electron-phonon interaction and using
the rectangular boundary condition (T(a)), respectively. Thick
orange dashed and green solid lines show the numerical FEM
calculations for the Hall bar geometry without and with the
electron-phonon interaction (T(c) and T(d)), respectively. Gray
shades indicate the positions of the voltage probes.
and ∆Te-ph = T(c) − T(d), in figures 10 and 11, respec-
tively.
At B = 0.0 T, T(a) reproduces T (x) in the 1D
model (equation (4)) independent of y (see figures 6
(a) and 7). The effects of the voltage probes and
the electron-phonon interaction are small and are not
readily discernible in figure 6. Isothermal lines are seen
to bend, albeit very faintly, near the voltage probes
in T(c) and T(d). The cross section at y = 0 shown
in figure 7 and the temperature decrement plotted in
figures 10 and 11 reveal that voltage probes slightly
reduces the temperature (T(c)), while further inclusion
of the electron-phonon interaction barely alters the
temperature (T(d)). The very small disturbance of the
temperature distribution by the voltage probes attests
to the success in the design of the thin and long arms.
The almost negligible effect of the electron-phonon
interaction is as expected at low temperatures from
the T dependence Pdef ∼ T 7 and Ppz ∼ T 5.
A magnetic field considerably enhances the
disturbances, as clearly visualized in figure 9 for an
example at B = 0.5 T. First, we can confirm
that T(a) replicates the analytic solution T (x, y) for
a rectangular sample, equation (12). A substantial
drop of the temperature is induced by the voltage
contacts (T(c)), with the decrement ∆TVP becoming
more pronounced as we go closer to the bottom
(higher-temperature) edge (see also figure 10). Slight
reduction ∆Te-ph is further made by the electron-
9Figure 8. Spatial distribution of the electron temperature T at
B = 0.5 T. In (a) and (b), the voltage probes are neglected, and
T is calculated without (a) and with (b) the electron-phonon
interaction (T(a) and T(b)). In (c) and (d), the thermal diffusion
into the voltage contacts is considered, and T is calculated
without (c) and with (d) the electron-phonon interaction (T(c)
and T(d)).
phonon interaction (T(d)). Figure 11 illustrates that
∆Te-ph is amplified by the increase of the magnetic
field.
By applying the analytic rectangular model
described in section 3.2 to the arms of the voltage
probe, we can qualitatively understand why the voltage
probes cool down the main bar more effectively in
the magnetic field. Without the magnetic field,
the thermal flux through the arm JQ can be made
arbitrarily small by reducing the aspect ratio α, as
indicated by equation (15). As mentioned earlier,
JQ increases with B, and the strategy of reducing
α ceases to be effective at the magnetic field with
δ ∼ pi/2, where JQ becomes insensitive to α as implied
in equation (16). The increase of ∆Te-ph with the
increase of the magnetic field is attributable to the
decrease in σxx = σUE, which enhances the coefficients
γD and γP in equations (22) and (23). Comparison
of figure 10 and figure 11 reveals that the effect of
the voltage probes generally outweighs that of the
electron-phonon interaction in reducing the electron
temperature in our experimental conditions (note the
difference in the colour code scales in the two figures).
Figure 9. Calculated electron temperature T along the center
line (y = 0, 0 ≤ x ≤ L) and close to the bottom (y = −W + w,
0 ≤ x ≤ L) and the top (y = W − w, 0 ≤ x ≤ L) edges (w = 1
µm) of the main Hall bar at B = 0.5 T, plotted by green, red and
blue lines respectively. Dotted and thin solid lines, overlapping
each other, represent the analytic solution (equation (12)) and
the numerical FEM calculation neglecting the electron-phonon
interaction and using the rectangular boundary condition (T(a)),
respectively. Thick dashed and solid lines show the numerical
FEM calculations for the Hall bar geometry without and with the
electron-phonon interaction (T(c) and T(d)), respectively. Gray
shades indicate the positions of the voltage probes.
4. Simulating thermoelectric voltages from the
calculated spatial distribution of the electron
temperature
In this section, we evaluate the thermoelectric
voltage resulting from the gradient ∇T of the
temperature calculated in section 3. We compare the
calculated thermoelectric voltages with those measured
experimentally, presented in section 2, focusing on the
amplitude of the quantum oscillations.
Local electric field E induced by ∇T is given by
E = Sˆ∇T, (26)
where Sˆ represents the thermopower tensor. Since
kBT  EF in the temperature range studied in the
present paper, we can make use of the generalized
Mott’s formula (applicable to the 2DES subjected to a
perpendicular magnetic field) [28],
Sˆ = −eL0T σˆ−1 ∂σˆ
∂E
∣∣∣∣
E=EF
= T sˆ. (27)
Here we introduced sˆ ≡ Sˆ/T for convenience, whose
temperature dependence can be neglected under the
assumption of the temperature-independent σˆ. With
this, we have
E = sˆ∇ψ. (28)
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Figure 10. Spatial distribution of the temperature decrement due to the thermal diffusion into the voltage contacts, ∆TVP =
T(a) − T(c), where T(a) and T(c) are the temperatures calculated without and with the thermal diffusion, respectively. The electron-
phonon interaction is neglected in both T(a) and T(c).
Figure 11. Spatial distribution of the temperature decrement due to the electron-phonon interaction, ∆Te-ph = T(c) − T(d), where
T(c) and T(d) are the temperatures calculated without and with the electron-phonon interaction, respectively. The thermal diffusion
into the voltage contacts is considered in both T(c) and T(d).
We can readily see that the temperature distribution in
the 1D model, equation (4), results in ∇ψ = ∂ψ/∂x =
constant. Therefore E, and accordingly Vyx, does
not vary with x in this model. The diminishing
oscillation amplitude with decreasing x exhibited by
the quantum oscillations of Vyx in figure 2 is thus
clearly irreconcilable with the purely 1D model.
Using the resistivity tensor ρˆ = σˆ−1, equation (27)
can be rewritten as,
sxx = syy =
Sxx
T
= eL0
d
dE
ln
√
ρxx2 + ρyx2
∣∣∣∣
E=EF
,(29a)
syx = −sxy = Syx
T
= eL0
d
dE
arctan
ρyx
ρxx
∣∣∣∣
E=EF
, (29b)
where we made use of the relations ρxx = ρyy and
ρxy = −ρyx fulfilled in an isotropic 2DES. Noting that
the quantum oscillations are resulting from the location
of the Fermi energy with respect to the Landau levels,
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Figure 12. Top: ∆ψ˜i,j given by equation (33) at B = 0.0,
0.1, ... 1.0 T calculated using the spatial distribution of
T presented in figure 5. Red right-pointing triangles, green
squares and blue left-pointing triangles represent (i, j) = (4, 10),
(5, 9) and (6, 8), respectively, and lines are the interpolating
spline curves. Bottom: Magnetic-field dependence of the
thermoelectric voltages between contacts i and j, Vyx = φi,j ,
calculated using equation (31) with the (interpolated) ∆ψ˜i,j
shown in the top panel and syx = Syx/T deduced from
experimentally obtained ρxx(B) and ρyx(B).
we can replace the energy derivative by the derivative
with respect to the magnetic field,
d
dE
→ − B
EF
d
dB
,
for the assessment of oscillation amplitude. This allows
us to deduce the components of Sˆ from experimentally
obtained ρxx(B) and ρyx(B) (shown in figure S1 in
the Supplementary data), using equations (29a) and
(29b). The resulting Sxx and Syx are also presented in
the Supplementary data (figure S2).
The thermoelectric voltage φi,j between the con-
tacts i and j, to be compared with the experimentally
measured value, is obtained by integrating −E along
the path Cj→i connecting the contacts,
φi,j = −
∫
Cj→i
E · dl = −
(∫
Cj→i
Exdx+
∫
Cj→i
Eydy
)
Figure 13. Top: ∆ψ˜i,j given by equation (34) at B = 0.0, 0.1,
... 1.0 T calculated using the spatial distribution of T presented
in figure 5. Dark-green upright triangles and purple downward
triangles represent (i, j) = (4, 5) and (10, 9), respectively, and
lines are the interpolating spline curves. Bottom: Magnetic-
field dependence of the thermoelectric voltages between contacts
i and j, Vxx = φi,j , calculated using equation (31) with the
(interpolated) ∆ψ˜i,j shown in the top panel and syx = Syx/T
deduced from experimentally obtained ρxx(B) and ρyx(B).
= −sxx
∫
Cj→i
∇ψ · dl− syx
(∫
Cj→i
∂ψ
∂x
dy −
∫
Cj→i
∂ψ
∂y
dx
)
.
(30)
In our boundary conditions, we assumed that the
temperatures of all the voltage contacts are the same
as the temperature of the mixing chamber TL = Tbath,
and thus the first term in equation (30) vanishes
for all the combinations of i and j. This indicates
that under the present boundary conditions and the
assumptions of the temperature-independent isotropic
σˆ, primarily resulting from our experimental conditions
that the sample is immersed in the low-temperature
3He/4He mixture, both Vxx and Vyx probe only the off-
diagonal (Nernst) component Syx of the thermopower
tensor and are insensitive to the diagonal (Seebeck)
component Sxx. Note that the Nernst effect manifests
itself in a quite counterintuitive manner owing to the
deflection of the temperature gradient described in
section 3. We therefore only have to calculate the
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integration in the second term, which can be rewritten
as
φi,j = −syxTL2∆ψ˜i,j , (31)
using a dimensionless integral
∆ψ˜i,j =
∫
Cj→i
∂ψ˜
∂x˜
dy˜ −
∫
Cj→i
∂ψ˜
∂y˜
dx˜. (32)
To be more specific, we calculated the path through
the centre of the arms,
∆ψ˜i,j = ∆ψ˜yx(W˜ + L˜V), (33)
corresponding to Vyx, and the path passing through
the centres of the arms before and after going along
the small distance w = 1 µm from the edge of the
main bar (see the insets to figure 15),
∆ψ˜i,j = ∆ψ˜xx(2L˜V + 2w˜ + L˜3), (34)
to be compared with Vxx. In equations (33) and (34),
we used the integrations along the path, ∆ψ˜yx(y˜) and
∆ψ˜xx(η˜), defined as (see also figures 1, 14 and 15),
∆ψ˜yx(y˜) ≡
∫ y˜
−W˜−L˜V
∂ψ˜(y˜′)
∂x˜
∣∣∣∣∣
x=xn
dy˜′ (n = 1, 2, 3) (35)
(−W − LV < y < W + LV),
where n = 1, 2 and 3 are for the contact pairs 6-8, 5-9
and 4-10, respectively, and
∆ψ˜xx(η˜) ≡
∫ η˜1
y˜0
∂ψ˜
∂x˜
∣∣∣∣∣
x=x2
dy˜ (0 ≤ η < LV + w)∫ y˜1
y˜0
∂ψ˜
∂x˜
∣∣∣∣∣
x=x2
dy˜ −
∫ x˜2+η˜2
x˜2
∂ψ˜
∂y˜
∣∣∣∣∣
y=y1
dx˜
(LV + w ≤ η < LV + w + L3)∫ y˜1
y˜0
∂ψ˜
∂x˜
∣∣∣∣∣
x=x2
dy˜ −
∫ x˜3
x˜2
∂ψ˜
∂y˜
∣∣∣∣∣
y=y1
dx˜+
∫ η˜3
y˜1
∂ψ˜
∂x˜
∣∣∣∣∣
x=x3
dy˜,
(LV + w + L3 ≤ η < 2LV + 2w + L3)
(36)
with x1 ≡ L1, x2 ≡ L1 + L2, x3 ≡ L1 + L2 + L3,
y0 ≡ ±(W + LV), y1 ≡ ±(W − w), η1 ≡ y0 ∓ η,
η2 ≡ η − (LV + w), η3 ≡ y1 ± (η − LV − w − L3),
where the upper (lower) sign in y0, y1, η1 and η3 is for
the contact pair 4-5 (9-10).
In the top panels of figures 12 and 13, we
plot ∆ψ˜i,j calculated with equations (33) and (34),
respectively, at B = 0.0, 0.1,..., 1.0 T for the contact
pairs (i, j) noted in the figure. The values of ∆ψ˜i,j for
(i, j) = (4, 10), (5, 9), (6, 8), (4, 5) and −∆ψ˜10,9 exhibit
similar B-dependence: after initial steep rise from
B = 0.0 T, they take a mild peak at B ∼ 0.4 T,
followed by a gentle decline. The behaviour basically
tracks the B-dependence of the Hall angle δ (see
figure S3 in the Supplementary data). This can be
qualitatively understood by noting that δ plays a key
role in determining the orientation of ∇T . The angle
between ∇T and the side edges generally increases
with δ, leading to the enhancement of |∂ψ˜/∂x˜| in the
arms and |∂ψ˜/∂y˜| in the main bar, both resulting in
the increase of |∆ψ˜i,j |. We note in passing that δ shows
non-monotonic B-dependence because we employed
σUE instead of semiclassical σxx = neeµ/(1 + µ
2B2)
in calculating δ.
We can see the relations ∆ψ˜6,8 < ∆ψ˜5,9 < ∆ψ˜4,10
and ∆ψ˜10,9 < 0 < ∆ψ˜4,5 with |∆ψ˜10,9|  |∆ψ˜4,5| in
figures 12 and 13, respectively. Using an interpolating
spline curve connecting the data points, we calculate
φi,j with equation (31) to simulate the experimentally
observed Vyx and Vxx. The calculated φi,j , plotted in
the bottom panels of figures 12 and 13, qualitatively
reproduce essential features in the experimental traces
shown in figures 2 and 3, respectively. The variation
of the oscillation amplitude with the magnetic field
is in agreement with the experiments in both figures.
Diminishing amplitude with the distance from the
heater seen in Vyx and the relation of the sign (phase)
and the amplitude between the top and the bottom
voltage contacts in Vxx are also well reproduced. All
of these traits inherit the behaviour of the ∆ψ˜i,j
mentioned above. By inverting the magnetic field, the
sign of δ, hence the orientation of ∇T with respect
to jQ, is also inverted. The spatial distribution of the
temperature can thus be obtained by simply mirroring
those shown in figure 5 with respect to the x axis
(y = 0). Therefore the voltage between the top
contacts (4-5) and the bottom contacts (10-9) simply
change places, namely, the top contacts at B < 0 take
the place of the bottom contacts at B > 0, and vice
versa. This is basically in agreement with what we
observe in the experiments (figure 3).
To see which part of the device has made the
dominant contribution to the thermoelectric voltages,
we examine how the integral in equation (32) varies
during the course of the integration. In figure 14, we
plot ∆ψ˜yx(y˜) given by equation (35) as a function of
y˜ at B = 0.0 T and 0.5 T. Without the magnetic
field, the contribution of the voltage arms is negligibly
small and ∆ψ˜i,j almost exclusively derives from the
main bar. Note, however, that the ∆ψ˜i,j do not yield
a thermoelectric voltage, since syx = 0 at B = 0.0
T. In the magnetic field, by contrast, the voltage
arms accounts for most of the integral. ∆ψ˜i,j (> 0) is
primarily determined by the gain at the bottom voltage
arm, which far exceeds the loss at the top voltage arm.
The integral over the main bar is negligibly small since
∇ψ is nearly parallel to y direction there. Again by
applying the analytic rectangular model to the arms,
we can readily find that the integral over an arm
increases with the temperature difference between the
contact (at TL) and the edge of the main bar to which
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Figure 14. ∆ψ˜yx(y˜) given by equation (35) for contact pairs
6-8, 5-9 and 4-10 at B = 0.0 T (top) and B = 0.5 T (bottom).
the arm is attached. Note that the gradient |∂ψ/∂x|
(corresponding to τy in equation (6b)) is enhanced by
the temperature difference through τ0 in equation (10).
The bottom arm dominates ∆ψ˜i,j , since it is attached
to the higher-temperature edge of the main bar. The
decrease of ∆ψ˜i,j with the distance from the heater
traces the decrease in the temperature of the bottom
edge, which, in turn, mainly results from the thermal
diffusion through the arms into the contacts (see the
thick solid red line in figure 9).
Figure 15 shows ∆ψ˜xx(η˜) given by equation (36)
as a function of η˜ at B = 0.5 T for the top and
the bottom contact pairs. Again, the voltage arms
dominate the integrals, although the main bar (the
second term in equation (36) containing |∂ψ/∂y|) also
makes a discernible contribution. For the top pairs, the
voltage arms are attached to the locations of the main
bar having nearly the same temperature (see the thick
solid blue line in figure 9). Therefore the contributions
of the two arms cancel each other, and the relatively
small integral from the main bar survives, leading to
a small value of ∆ψ˜i,j > 0. For the bottom pairs,
contribution of the arms is much larger than the top
Figure 15. ∆ψ˜xx(η˜) given by equation (36) for contact pairs
4-5 (top) and 10-9 (bottom) at B = 0.5 T. Insets: Schematic
drawings depicting the integration path.
pairs. Near the bottom edge of the main bar, the
locations for the two voltage arms have a relatively
large temperature difference, as can be perceived from
the thick solid red line in figure 9. Thus, the loss due
to the arm of the voltage probe 10 far exceeds the
combined gain by the voltage probe 9 and the main
bar, resulting in a large negative value of ∆ψ˜i,j .
5. Discussion
5.1. Possible sources of the discrepancy between
measured and calculated thermoelectric voltages
So far, we have shown that our calculations qualita-
tively reproduce the essential features of our measure-
ments. Quantitatively, however, the calculated ther-
moelectric voltages are larger than the measured values
roughly by a factor of 2.5 to 10. We presume that the
discrepancy is mainly caused by our use of oversim-
plified boundary conditions to make the calculations
tractable. First, we simply assumed that the higher-
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temperature end of the main Hall bar (x = L and
−W/2 < y < W/2) has a constant temperature TH
inferred from the SdH amplitude measured with the
voltage probes located on the other side of the sec-
ondary (heater) Hall bar (see figure 1). We have ne-
glected the spatial variation of the temperature within
the heater section, which can be especially pronounced
when the magnetic field is applied and a hot spot is gen-
erated [30]. Second, we set all the Ohmic contacts at
the temperature TL = Tbath of the mixing chamber in
which the sample is immersed. The contacts can, how-
ever, have the temperature higher than the bath ow-
ing to the Kapitza resistance [34] between the helium
and the metallic (AuGeNi) film constituting the con-
tacts. The effect will be more apparent for the voltage
contacts having a smaller area hence a higher thermal
resistance, especially for those attached to the higher
temperature edge of the main Hall bar (contacts 10, 9,
8) and thus carrying higher thermal flux. The possi-
ble increase of the temperature in these contacts can,
in principle, reduce the resulting thermoelectric volt-
ages. It is difficult, however, to quantitatively assess
the decrement mainly owing to the difficulty in deter-
mining the area of the interface between the helium
and the granular metallic film. Note, however, that
the temperature difference between voltage contacts, if
present, allows for the longitudinal component, Sxx, to
contribute to the thermoelectric voltages by resuming
the first term in equation (30). As pointed out ear-
lier, the footprint of Sxx is barely discernible in the
lineshape of the experimentally observed oscillations
shown in figures 2 and 3, suggesting the absence of ap-
preciable temperature difference between the measured
contact pairs. We therefore surmise that the temper-
atures of the voltage contacts are sufficiently close to
TL.
We can also find possible sources of the quanti-
tative disagreement between the calculations and the
measurements apart from the boundary conditions.
We tacitly assumed that the 2DES in the voltage arms
have the same properties as those of the main bar. It is
possible, however, that the quality of the 2DES has de-
clined during the process of fabricating the narrow (3
µm) arms. This can alter the temperature distribution
by reducing the amplitude of SdH oscillations hence
σxx = σUE, which determines δ, γD and γP. Proba-
bly more importantly, the amplitude of the oscillations
in syx can also be reduced, resulting in the reduction
of the oscillation amplitude of the thermoelectric volt-
age generated at the arms. Neglecting the quantum
Hall edge states can also be a source, especially in the
higher magnetic field regime. All the effects described
here are rather difficult to be unambiguously quanti-
fied and cannot readily be incorporated in our model.
Despite the quantitative discrepancy, we believe that
our simple model captures the essence of the spatial
distribution of the temperatures and the resulting ther-
moelectric voltages in a Hall bar placed in a magnetic
field.
5.2. Characteristics and limitations of the present
measurement configurations
As we have shown in the previous sections, thermoelec-
tric voltages can be a good tool to probe the spatial
distribution of T with the aid of the known thermo-
electric coefficients. To this end, we used thermoelec-
tric coefficients deduced from the measured resistivity
employing the generalized Mott’s formula. In many
cases, however, the purpose of measuring thermoelec-
tric voltages is to extract unknown thermoelectric co-
efficients. Our present settings are obviously inappro-
priate for this purpose. As mentioned in section 4, the
measurement is insensitive to Sxx. Furthermore, volt-
ages generated at the voltage-probe arms exceed those
generated at the main bar, the presupposed arena for
the measurements. The situation cannot be improved
by making the arms shorter, since the effect of the
shortening the integration path in equation (32) is can-
celled out by the increase in the gradient (see equation
(10)). These drawbacks mainly stem from our experi-
mental configuration in which the voltage contact pads
are thermally in contact with the surrounding helium
bath. In a standard experimental setup for thermo-
electric measurements, a sample is placed in a vacuum
and is cooled down by thermally connecting one end
(the heat sink) to the refrigerant, and the temperature
gradient is introduced by heating the other end [18,35].
By selecting a material with a high thermal resistance
for the wiring to the voltage contacts [13], the con-
tribution of the voltage arms can be reduced. It will
still be difficult, however, to completely eliminate or
precisely determine the temperature gradient at the
voltage arms and the resulting thermoelectric voltages.
Regardless of the contribution of the arms, the redistri-
bution of the temperature within the main bar by the
magnetic field should be taken into consideration in in-
terpreting the measured thermoelectric voltages. It is
also worth pointing out that the electron temperature
of GaAs/AlGaAs 2DES is quite difficult to cool down
to the lowest temperature in a dilution refrigerator in
this standard configuration (see, e.g., [36]).
The magnetic field does not affect the thermal
flux carried by phonons. Therefore, the effect of the
magnetic field on the spatial distribution of the tem-
perature becomes less significant in the measurement
employing an external heater to introduce tempera-
ture gradient also to the substrate, provided that the
temperature is high enough for the thermal flux to
be principally carried by phonons, and also for the
electron-phonon coupling to be strong enough so that
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the electron system has the same temperature as the
lattice system. In such circumstances, the thermoelec-
tric power is dominated by the phonon-drag contribu-
tion [13].
6. Conclusions
We have examined the effect of a magnetic field on
the spatial distribution of the electron temperature
and the resulting thermoelectric voltages generated
in a 2DES residing in a Hall bar device fabricated
from a GaAs/AlGaAs wafer. At the temperatures
investigated in the present study (T < TH = 330
mK), electrons and phonons are virtually decoupled,
and the relations between the gradient ∇T of the
electron temperature (or more precisely, τ = −∇ψ),
the thermal flux density jQ and the source-drain
temperature difference (or, difference in ψ) basically
duplicate those between the electric field, the electric
current density and the source-drain bias in the
magnetic field. The temperature difference engendered
between the top and the bottom edges of the main
bar, resulting from the deflection of ∇T from the
source-drain direction by a large angle δ ∼ pi/2,
is most directly detected by the difference in the
thermoelectric voltages Vxx measured along the top
and the bottom edges (figure 3). The top and
the bottom edges exchange their roles by inverting
the magnetic field, owing to the sign reversal in
δ. A notable feature unique to the thermoelectric-
voltage measurements is the significant roles played
by the voltage arms. A magnetic field lets the
thermal flux flow through the arms regardless of the
thickness and the length, disabling the design of the
low aspect ratio to suppress the thermal flux. The
resultant drop in the temperature, as well as the
substantial thermoelectric voltage generated within the
arms themselves, is responsible for the decrease in the
measured thermoelectric voltages Vyx with the distance
from the heater (figure 2). The effects of the arms also
enhance the difference in Vxx between the top and the
bottom edges. The redistribution and reorientation of
the temperature by a magnetic field demonstrated in
the present study pose a caveat to be borne in mind
in interpreting the thermoelectric-voltage of a 2DES
measured in a magnetic field at very low temperatures.
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Appendix
In this appendix, we derive equations (19) and (20) in
the main text. The two contributions (r = “def” or
“pz”) are given as [31,32]
Pr(T ) = Πr(T )−Πr(TL), (A.1)
where
Πdef(T ) =
D2m∗2vlaB∗2
16
√
2pi5/2~2ρ
(
kBT
~vl
)7
Gdefl (κF) (A.2)
and
Πpz(T ) = Πpz,l(T ) + 2Πpz,t(T ) (A.3)
with
Πpz,s(T ) =
(eh14)
2
m∗2vsaB∗2
16
√
2pi5/2~2ρ
(
kBT
~vs
)5
Gpzs (κF), (A.4)
and s = l and t represent longitudinal and transverse
modes, respectively. (Strictly speaking, these formulae
are for B = 0.0 T and do not take the Landau
quantization into consideration. We assume that they
are still applicable in the relatively weak magnetic field
regime studied in the present paper [32].) We used the
following material parameters for GaAs [32,37–40]: the
deformation potential D = −9.3 eV, the piezoelectric
constant h14 = 1.2 × 109 V·m−1, the mass density
ρ = 5.3 g·cm−3, the effective Bohr radius a∗B = 10.4
nm, the effective mass m∗ = 0.067me (with me the
bare electron mass) and the longitudinal and transverse
sound velocities vl = 5.14× 103 m·s−1 and vt = 3.04×
103 m·s−1, respectively. The dimensionless function
Grs(κF) is written as
Grs(κF) ≡
1
pi
∫ ∞
−∞
dζ |F (qTsζ)|2×∫ κF
0
dξ√
1− (ξ/κF)2
grs(ξ, ζ)
e
√
ξ2+ζ2 − 1
1
H2(qTsξ)
, (A.5)
using the form factor,
F (qz) =
∫
dz|Φ(z)|2eiqzz, (A.6)
and a function,
H(q‖) =
∫∫
dz1dz2|Φ(z1)|2|Φ(z2)|2e−q‖|z1−z2|, (A.7)
with qz and q‖ the phonon wavevector perpendicular
and parallel to the 2DES plane, respectively, and
Φ(z) the envelope of the 2DES wavefunction in the
z direction. In equation (A.5), we used qTs ≡ kBT/~vs
to normalize 2kF and the components of the phonon
wavevector: κF ≡ 2kF/qTs, ξ ≡ q‖/qTs, and ζ ≡
qz/qTs. The kernel g
r
s(ξ, ζ) in the integral of equation
(A.5) is given as [31]
gdefl (ξ, ζ) ≡ ξ2(ξ2 + ζ2)3/2, (A.8)
gpzl (ξ, ζ) ≡
9ξ6ζ2
2(ξ2 + ζ2)5/2
, (A.9)
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and
gpzt (ξ, ζ) ≡
8ξ4ζ4 + ξ8
4(ξ2 + ζ2)5/2
. (A.10)
For the temperature range and ne in the present
study, κF becomes large enough for the values of
Grs(κF) to be virtually independent of the temperature,
Gdefl (κF) ' 363, Gpzt (κF) ' 4.37 and Gpzt (κF) '
2.87. Substituting these numbers and GaAs material
parameters described above into equations (A.2) and
(A.4), we attain, from equation (A.1), equations (19)
and (20) with the values of coefficients PD and PP
noted just below the equations.
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